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Abstract: In order to protect coherence of quantum states and reduce the impact of environment on quantum information, 
we investigate decoherence and relaxation time of magnetopolaron in the presence of three dimensional impurity under strong 

parabolic potential. The first states energies have been evaluated using the Lee Low Pine transformation and Pekar-type 

variational method. Parameters such as: decoherence time, transition frequency, spontaneous emission, Shannon entropy, 

relaxation time and probability density, have been evaluated. It has been seen that the impurity and electron-phonon coupling 

constant have a considerable effect on formation, protection of quantum qubit and quantum transport. The information 

exchange measured by the rate of Shannon entropy, has a great dependence on impurity and with its interaction with electrons. 

The relaxation time τr exhibits increasing behavior as a function of, α, β, and ωc. The electron-phonon coupling constant, 

impurity and cyclotron frequency are useful parameters to prevent decoherence phenomena. This study paves the way to 

prolong quantum effect in nanostructure and favor the realization of the future quantum computer. 
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1. Introduction 

Quantum information is nowadays an intermediate 

agent between quantum mechanics and information 

science. In this way, it can combine the both. The 

particularity of this quantum information is that the carrier 

of quantum information can be found in two different 

states and the fact that it can be easy, faster solve and 

compute spontaneously calculations. Quantum 

information contains a different unit of storage called 

qubit and this qubit refers to two superposed quantum 

states ↓ and ↑ which satisfy the condition of 

orthogonality and normalization. qubit a b= ↓ + ↑ ; a

and b represent respectively probabilities that particles can 

be found in the following quantum states ↓ and ↑ with

2 2
1a b+ = . As there is no perfect system in physics 

generally, in quantum information, transport of 

information and quantum modeling are influenced by the 

effect of environment. Due to the presence of impurity and 

external environment, the instability of coherence of 

quantum state is observed (decreases the coherence of 

quantum state) which is called qubit decoherence. Then an 

increase of decoherence causes the disappearance of 

superiority of quantum computation. Therefore, the 

quantum decoherence becomes a new challenge for the 

researchers about how to protect the quantum information 

from its surrounding? Recently, many works have been 

done in the same direction. Some have studied the 

suppressing decoherence by applying external field and 

even spin-orbit coupling [1-7] and obtained some 
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important analysis. A non-neglected number of 

investigations have been done on the loss of coherence 

state and how to build a long decoherence time system? 

[8-11] which allows controlling such system. Since the 

human needs keep increasing, the new technology with 

quantum computer is requested to be more useful and 

faster than classical computer and need to be realized. To 

this end, many methods and devices have been proposed 

but the most feasible approaches are nanostructures 

generally. As magnetopolaron is contained in quantum 

system, it is obvious that it can be stable in one hand and 

unstable on the other hand in quantum system. But what 

we need in quantum system is a coherent state to perform 

an efficiency of quantum devices in general and quantum 

computer particularly. Since it is required that a qubit 

should be isolated from external environment [12, 13]. 

From the last past decade, the electronic structure, 

electronic optical of low dimensional system have became 

the main subject of questioning in condensed matter 

physics. In this way, many works both experimental [14-

17] and theoretical [18-21] have been done on quantum 

system. Using a Pekar variation method, Mu et al [22] 

investigated the Eigenenergies and the corresponding 

Eigenfunction of the ground state and excited state energy 

of an electron strongly coupled to electron-phonon in 

RbCl quantum pseudo dot taking as impurity hydrogen at 

the centre. They obtained after analysis that: first the 

probability density of the electron was an oscillator 

function in quantum pseudodot (QPD) with a certain 

oscillating period. Second the asymmetrical potential in 

the direction of RbCl QPD was responsible to the 

appearance of double peak on the electron probability 

density. And that an oscillation period decreases witha 

columbic impurity potential. Because of that the impurity 

state has great effect in physical properties of low 

dimensional system, the impurity state have been studied 

in theoretical and experimental procedures [23-25]. Many 

authors [26-32] have performed considerably the binding 

energy of a hydrogen impurity in a quantum well and they 

found that the cross-sectional of quantum wire can have a 

great effect on the binding energy. B. Donfack et al 

studied the cumulative effects of temperature, magnetic 

field and spin orbit interaction on the binding energy of 

magnetopolaron in RbCl quantum well [33], their 

numerical results show that, the spin orbit interaction 

affect considerably the GSBE of magnetopolaron and the 

transition behavior at threshold values of the temperature 

as well as for cyclotron frequency is due to the effect of 

SOI. Liang et al [34] have studied the eigenenergies and 

eigenfunction of the ground state and first excited state of 

strong coupled polaron in asymmetric quantum dot via 

variational method of Pekar-type. Fotué et al [35] 

investigated decoherence of polaron in an asymmetric 

quantum dot qubit under electromagnetic field and their 

analysis show that the density matrix of qubit decay with 

time. And for different coupling strengths, confinement 

length and dispersion coefficient, the coherence term is a 

decreasing function with time. Sun et al [36] investigated 

the decoherence problem of polaron in triangular quantum 

dot and LI [37] has investigated the dependence of 

polaron on temperature in triangular quantum dot. Choose 

a proper confinement potential function for the three-

dimensional confinement of electron in quantum system is 

really important. However, in many works, the single 

parametric parabolic potential is an ideal model that is too 

simplified and it’s useful to better study and clearly 

interprets our results. Recently, some authors [38, 39] 

chose the two parametric asymmetric Gaussian potential 

to describe the motion of electrons 2D quantum structures. 

However, decoherence and relaxation time of three-

dimensional impurity magnetopolaron in the presence of 

strong parabolic potential need to be investigated then, the 

purpose of this paper is based on that direction by solving 

analytically the Schrödinger equation to obtain the 

complete energy spectrum in the presence of strong 

parabolic potential. The present paper is organized as 

follow: in section 2, theoretical model and formulation, 

where the Schrödinger equation is analytically solved and 

the ground state and first excited state energy are obtained 

using the LLPT and Pekar-type variational method. In 

section 3, we have numerical results and discussion of 

parameters obtained in previous section, in the next 

section, numerical results and discussions are presented. 

The last section conclude our analysis. 

2. Theoritical Model and Formulation 

We suppose an electron moving and confined in the three-

dimensional system, assuming that it interacts with impurity and 

bulk LO phonon in the medium. The strong parabolic potential 

is chosen to confine electrons along the x-y plane. The magnetic 

field is applied with the vector potential ( ), , 0
2

B
A y x= −  

directed in the z-direction interacting with phonon. The 

Hamiltonian of such system can be written as [37]: 

( ) ( )e c ph e phH H V V r H Hρ −= + + + +                   (1) 

2
1

2
e

eA
H p

m c

 = + 
 

                               (2) 

( ) ( )
2

2 2

2

m
V x y

ωρ = +                              (3) 

( )
2

4
c

e
V r

rπε∞
= −                                   (4) 

ph LO q q

q

H a aω +=∑ℏ                                (5) 

*iqr iqr
e ph q q q q

q

and H V a e V a e+ −
−  = + ∑                  (6) 

represent respectively the kinetic energy of an electron, the 

strong parabolic potential which confine electrons, the 

coulomb energy considered like impurity, the phonon energy 

and electron-phonon interaction energy. Replacing those 

terms in equation (1), the hamiltonian becomes: 
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                    (9) 

and the fourier transformation of the last term of hamiltonian 

is given by: 

( )
2

4
exp

q

iqr
r Vq

β πβ− = − −∑                         (10) 

In order to evaluate the magnetopolaron energy, let’s use 

the LLPT and Pekar-type variational method. In this way, the 

chosen wave function for the ground state and first excited is 

given as: 

0 phUψ φ=                              (11) 

Where φ is linked on the electron coordinate, 0 ph

represents the zero phonon state with 0 0q pha =  and 

0 phU is coherent state of the 

( )* *exp q q q qU a f a f
 

= − 
  
∑ . 

Where ( )*
q qf f  represent the variational function. The 

corresponding ground state and first excited state wave 

functions of electron can be written as: 

1 1

2 4 2 20 0 0 0
0 exp exp 0

2 2
phz

ε ϑ ε ϑφ ρ
π π

       = − −       
       

                                                         (12) 

( )
1 1

2 4 2 20 01 1
1 exp exp exp 0

2 2
phz i

ε ϑε ϑφ ρ ρ φ
π π

      = − − ±      
       

                                                   (13) 

Where 0 1 0 1, , andε ε ϑ ϑ  represent the variational 

parameters, 0φ and 1φ should satisfy the following 

normalization conditions: 0 0 1 0 1 0and= = . 

Using the LLPT and Pekar-type variational method, 

' 1H U HU−=                              (14) 

Minimizing 'H , the ground state 0E and first excited 1E

are obtained as: 

( )
11 1

2 32 2 122 2
20 0 0

20 0 02
0 0 0

1 arcsin 1 2 4
2 2 2 2

c LOm e
E

m

ϑ ω ε ε ωε ω α πε
ε ϑ ϑ π ε π

−−

∞

 
         = + + + + − − − −                      

 

ℏℏ

              (15) 

and 

( ) ( ) ( )
11 1

22 222 2
2 2 11 1

1 1 1 02
1 1 1

2 3 1 arcsin 1 8 4
2

LO
c

m e
E

m m

ε ωε εε ϑ ω ω α πε
ε ϑ ϑ π ε π

−

∞

 
      

= − + + + − − −             
 

ℏℏ
                  (16) 

Knowing the ground state 0E and first excited 1E  energy, the time evolution of the different state of the electrons can be 

given as: 

( ) ( ) ( )0 1
01 0 1

1 1
, , , exp exp

2 2

E E
x y z t i t i tψ φ ρ φ ρ   = − + −   

  ℏ ℏ
                                        (17) 

Using the following formular, 
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( ) ( ) 2

01, , , , , ,Q x y z t x y z tψ=                                                                          (18) 

The probability density is written as: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 * *
0 1 0 1 01 0 1 01

1
, , , exp exp

2
Q x y z t t tφ ρ φ ρ φ ρ φ ρ ω φ ρ φ ρ ω = + + − + −

  
                       (19) 

Where 01ω represents the energy gap defined as: 

01 1 0E Eω = −                              (20) 

And then 01 1 0E Eω −
=

ℏ ℏ
 represents the transition 

frequency between the ground state and first excited. We can 

define the oscillation period here as an inverse of transition 

frequency and its expression is: 

1 0

T
E E

=
−
ℏ

                               (21) 

Taking into account the great effect of external environment 

on the superposition states of electron, introducing the 

impurity and strong parabolic potential, the spontaneous 

emission rate 
1τ −
of the LO phonon is defined as [38]: 

2 2
1

0 12
02

e E
r

c
τ ψ ψ

π ε ς
− ∆=

�

ℏ
                      (22) 

( )
2

LO
with

cq

ω ω
ς

−
=                             (23) 

Where τ is defined as an inverse of spontaneous emission 

and allows to measuredecoherence time of a qubit. 

Since the loss of energy can be measured by the rate of 

entropy, lets evaluate the Shannon entropy using the 

following formula: 

( ) ( ) ( )
1 1

2 2

/ /, , , ln , , ,
o o

S t dxdydz t x y z t x y zφ φ φ φψ ψ= ∫    (24) 

The relaxation time by simple definition is the time taken 

by particle to leave from the excited state to the ground state 

(from disturbed state to undisturbed state). This physical 

quantity can destroy the superposed quantum state depending 

to the values taken; relaxation time can be evaluated using 

the formula below. 

1 0
0 0exp expr

E EE

KT KT
τ τ τ −∆   = =   

   
                (25) 

K and T  are respectively the Boltzmann constant and 

temperature. 

3. Numerical Results and Discussion 

This part is devoted to numerical results and discussions 

considering some approximations as: 

00.36 , 36.4; 1q Bm m Kω= = =ℏ
 

Figures 1
 
and 2 display respectively the ground state and 

first excited state energy as function of impurity for different 

values of magnetic field. In the both figures, we observe an 

increase of 0E and 1E  with an increase of impurity. Knowing 

that an increase of impurity increases an interaction between 

it and electrons, this presence of impurity makes electrons 

strongly bound and consequently increases their energy and 

even their binding energy. The curves spacemen on the 

ground state energy allows concluding that this impurity acts 

more at this state than on the excited state. Similar to the 

result found in [41], the impurity has a great effect compared 

to others external parameters on energy state and entropy. 

Figures 3 and 4 show the variation of ground state and first 

excited state energy as function of electron-phonon coupling 

constant α for different values of cyclotron frequency cω : 

we observe on those figures an increase of the ground state 

and first excited energy with a magnetic field and the 

coupling constant, this linear increasing of energy with 

coupling constant is due to the interaction between an 

electron and phonon, as magnetic field and coupling constant 

are both the confining parameter, an increase observed on 

those different energy states is obvious. This increasing of 

energies with electron-phonon coupling constant means that 

electrons and phonons strongly interact. Thus we have less 

polaron in the excited state and consequently leading to the 

less energy compared to the ground state. 

Figures 5 and 6 display respectively the variation of 

probability density ( ), , ,Q x y z t as function of impurity and 

coupling constantα . It is observed in figure 5
 
that, probability 

density ( ), , ,Q x y z t  varies with impurity β . From here, we 

see that it increases with an increase of impurity. It is observe 

that the dependence of probability density is an isotropic, this 

is why an amplitude and period are not constant. It is because 

of the greater columbic attraction between electron and 

impurity. Knowing that the impurity can be localized in the 

system, its position (centre or position else) can equally affect 

the probability density in the system. In figure 6, we have the 

dependence of probability density ( ), , ,Q x y z t  on α , we 

observe here that ( ), , ,Q x y z t  is a periodic function of α , 

with the same amplitude and this for [ ]0 5α ∈ − , as phonon is 

usually considered as vibration of medium, an amplitude of 

this vibration is constant but electron-phonon interaction is not, 

that why probability density has a periodic variation with 

electron-phonon coupling constant. Then we can conclude that: 

from those figures, ( ), , ,Q x y z t  is a non-periodic function 

with impurity compared to the one with electron-phonon 
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coupling constant. This observation can be justify by saying 

that the impurity position in the system is variable and then, it 

can completely affect the parameters of the system such as 

energy, probability density while the electron-phonon coupling 

constant has a constant effect at the whole point of the system. 

Figures 7 and 8 show respectively the variation of the 

oscillation period T as function of the impurity and electron-

phonon coupling constant α . From those figures, we can 

observe that T  decreases with an increase of coupling constant

α . Since T
E

= ∆
ℏ , this is because the energy state 0E and 1E  

all are increase functions with a coupling constant α and 

impurity then causes a decrease of oscillation period since it’s 

inversely proportional to the energy gap E∆ . From the 

previous analysis, we can conclude that the impurity β and 

coupling constant α  have a great effect on life time of the 

qubit and the most important is the storage of information. 

Figures 9 and 10 display the spontaneous emission of LO 

phonon
1τ −

 as function of impurity and cyclotron frequency cω . 

It can be observed on those figures that 
1τ −

decrease with an 

increase of electron-phonon coupling constant α but keep 

increasing with β and cω for some values greater than 6 . 

Which means that decoherence time τ increases with an 

increase of α and decreases with the impurity and magnetic 

field. Therefore in order to reduce the impact of environment 

on formation of qubit, storage and quantum transport from the 

ground state to excited state, the impurity should be adjusted 

and localized. The variation of spontaneous emission (inverse 

of decoherence time τ ) with coupling constant, shows a 

decrease of 
1τ −

with α , this means that decoherence time τ  

is a decrease function ofα . From the previous analysis, we 

can conclude that the electron-phonon coupling constant α  

has a considerable effect and from the stronger coupling 

constant α , resulting in the smaller the spontaneous emission 

of LO phonon then the longer decoherence time can be 

produced. The present result can inspire the using of phonon 

effect to prepare a quantum system qubit with good coherence, 

and also make semiconductor materials in intermediate and 

strong coupling constant. 

Figures 11 and 12 show the variation of transition frequency

ω respectively as function of impurity and electron-phonon 

coupling constantα . On the both figures, we have an increase 

of transition frequency with an increase of impurity β and α . 

This increase of ω with those parameters can be due to the 

presence of a strong parabolic potential. From this increase of

ω , we conclude that the energy gap E∆ decreases with the 

increase of impurity and coupling constant α . The main 

reason is also that 0 1E E≻  in the case of magnetopolaron and 

polaron [42]. Knowing that the energy gap decreases with the 

e-phonon coupling constant α , and that the number of 

phonon at the excited state is always less than that of the 

ground state [43], then the effect of α  on the excited state 

energy is less comparedto the ground state which causes the 

transition frequency spacing with an increase of α . 

In the presence of impurity, the energy and binding energy 

decrease [41] and electron has more space to move without 

interaction and therefore, the system disorder increases. But 

for a very small cross-sectional area, we have an increases of 

entropy in the presence of impurity because there is more 

interaction between electrons and impurity. Since in the 

presence of impurity, we observe an increase of energy [41] 

we can now come out from the present analysis that electrons 

interact more and more in the presence of impurity. From this 

analysis, it is observed that impurity is a good factor to 

control the rate of effect of an environment on our system 

(decoherence) since the effect of impurity might increase 

coherence of superposed state (quantum qubit). 

Figure 13 show respectively the dependence of Shannon 

entropy S on impurity β , α  and time t . On figure 13a, we 

observe that Shannon entropy doesn’t have the same peak 

value with an increase of impurity. This can be due to the 

interaction between this impurity and electrons; S is higher 

when interaction is stronger and the nature of interaction 

depends on the position of impurity in the system. Then, 

from this analysis, the peak value of the Shannon entropy 

here depends on the position of impurity and its interaction 

with electrons. Figure 13b displays the variation of Shannon 

entropy with e-phonon coupling constant α . It is observed 

the Shannon entropy S has the same peak value with an 

increase of α , which means the rate of order or disorder 

created from α  is the same in the whole point of system. 

Contrary from the analysis done by S. C Kenfack et al [44] in 

which they found that the variation of Shannon entropy with 

time has the same amplitude, we found on figure 13c that, for 

some values of time [ ] [ ]1 2.3 3.4 4.5and in ns− − , we the 

highest peak values of entropy in the system and for

[ ]2.1 3.1t in ns∈ − , we have more ordered states and this 

because of the smallest values of entropy. This difference can 

be due to the presence of impurity in our system. As we 

know, an increase of entropy can be responsible of the loss of 

an information and coherent state in quantum system, then 

we can solve a problem of decoherence by minimizing the 

rate of entropy in quantum system. 

Figures 14 and 15 show the variation of relaxation time rτ
with impurity β  for different values of e-phonon coupling 

constant α and cyclotron frequency cω on the one hand and 

the variation of relaxation time rτ with an e-phonon coupling 

constant α for different values of impurity β and cyclotron 

frequency cω on the other hand. We observe on the both 

figures an increase of relaxation time impurity rτ  with those 

parameters ( α , β , and cω ). From this analysis, we can 

conclude that: contrary to decoherence time, a long relaxation 

time is not suitable to the construction of quantum qubit 

because as longer rτ will be long, more particle will stay in the 

separated state. Moreover, a long relaxation time can creates a 

shot decoherence time. In order to build a quantum qubit, a 

long decoherence time and shot relaxation time are required, 

and this throughout the adjusting of the parameters ( α , β , 

and cω ) of system and the choice of potential. 
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Figure 1. Variation of ground state energy as function of impurity for 

different values of magnetic field. 

 

Figure 2. Variation of first excited state energy as function of impurity for 

different values of magnetic field. 

 

Figure 3. Variation of ground state energy as function of impurity for 

different values of electron-phonon coupling constant α . 

 

Figure 4. Variation of first excited state energy as function of impurity for 

different values of electron-phonon coupling constant α . 

 

Figure 5. Variation of probability density as function of impurity. 

 

Figure 6. Variation of probability density as functionof electron-phonon 

coupling constant α . 
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Figure 7. The oscillation period T  as function of impurity β for different 

values of magnetic frequency cω . 

 

Figure 8. The oscillation period T as function of electron-phonon coupling 

constant α . 

 

Figure 9. The spontaneous emission rate 1τ − as function of impurity β  for 

different values of cyclotron frequency cω . 

 

Figure 10. The spontaneous emission rate 1τ − as function of cyclotron 

frequency cω for different values of electron-phonon coupling constant α . 

 

Figure 11. The transition frequency ω as function of impurity β for 

different values of cyclotron frequency cω . 

 

Figure 12. The transition frequency ω as function of electron-coupling 

constant α for different values of cyclotron frequency cω . 
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Figure 13. Present respectively Shannon entropy as function of impurity β , e-phonon coupling constant α and time t . 

 

Figure 14. Relaxation time as function of impurity β for different values of 

e-phonon coupling constant α cyclotron frequency cω . 

 

Figure 15. Relaxation time rτ as function of e-phonon coupling constant α
for different values ofimpurity β and cyclotron frequency cω . 

4. Conclusion 

We derived the ground state and first excited energy of the 

three dimensional impurity magnetopolaron in the presence 

of a strong parabolic potential using LLPT and Pekar-type 

variational method, we have equally evaluated some 

important parameters such as probability density, transition 

frequency, spontaneous emission, decoherence time, Shannon 

entropy, relaxation time and oscillation period. From our 

analysis, in the presence of impurity, the ground state and 

excited state energy are increasing functions of impurity and 

electrons are more bounded due to the strong interaction 

between that impurity and electron. We observe that variation 

of Shannon entropy depends on the position of impurity in 

the system and also with its interaction with electrons, an 

increase of that entropy can create the loss of information 

(decoherence) from the ground state to excited state. We 

observe an increase of relaxation time rτ with those 

parameters ( α , β , and cω ). Contrary to decoherence time, a 

long relaxation time is not suitable to the construction of 

quantum qubit because as longer rτ will be long, more 

particle will stay in the separated states. We have also seen 

that the probability density increases with an increase of 

impurity but compared to electron-phonon coupling constant, 

we have a non-periodic function and non-continue 

probability density with impurity because its effect depends 

on its position in the system. Which can in term of 

decoherence allows to have a good coherent states. We also 

conclude that decoherence time decreases with an increase of 

impurity and magnetic field. In order to reduce the impact of 

environment (decoherence on formation of quantum qubit, 

storage and quantum transport from ground state to excited 

state) the impurity should be adjusted and localized in the 

system. As we said before, in numerical results and 

discussion, the variation of spontaneous emission with 

electron-phonon coupling constant allows to conclude that 
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the decoherence time τ  is an increase function of α . With a 

qubit constructed, the effect of impurity an e-phonon 

coupling constant α on transition frequency from one state 

to another is great because we have an increase of transition 

frequency with the both parameters. Then due to the effect of 

impurity, coupling constant and magnetic field on the 

problem of protection of quantum qubit formed from 

environment, we can conclude that those parameters are 

prominent candidates to enhance the formation and duration 

of quantum qubit particularly and help for the construction of 

quantum computers. 
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